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Questions are split into sections A, B, C according to the labels [A], [B], [C] provided, 
respectively, for each question. Section A questions are meant to provide an example to help 
with the lecture material and or the homework of this sheet. The are not meant to be handed 
in and will not be marked. A model solution will be made available via a link that will be 
posted as an announcement for the B5.2 course on moodle. Part B need to be handed in and 


will be marked and discussed in the classes. Part C' are optional, they will not be marked. 
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for t > 0, subject to u(x,0) = f(x), in each of the following two cases: 


1. [B] Solve the PDE 


0 «<0, 0 z<0, 
@) f@)=4e 0<2<1, (i) f(@)=<=-2 O<2 <1, 
1 l<qa, —-l1 l<z. 


In case (77), find a single-valued weak solution by introducing a shock. Sketch the 
resulting solution u(x,t) versus x as t varies, and the characteristic projections in the 


(x, t)-plane. 


2. [B] Solve the Cauchy problem 


Ou Ou 
ase —-—( >0 
Dr 1, x ; 
U = Uo(y) £=0, 
where 
yloy) Dey <4, 
uo(y) = 


0 y <0, y>1. 


Show that wu becomes multi-valued on the curve y = (1 + 2)?/(4x), x > 1. Sketch 
the characteristic projections in the (x, y)-plane and indicate where a unique classical 


solution exists. Also sketch profiles of u(x, y) versus y for different values of x > 0. 
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3. [B] Use Charpit’s method to solve the partial differential equation 
2 = 
Uz + YUy = U 


subject to the initial data u(x, 1) = 1+ 27/4 for —oo < x < oo. Express the solution in 


explicit form and determine where it is uniquely defined by the data. 


4. [B] Write out Charpit’s equations for the PDE 
Fey uss) = "0: 
Show that these equations describe straight rays in the case 
Fouw+ i, = 


Suppose that u = 0 on the boundary of the ellipse 


Find and draw the envelope of the rays that propagate into the ellipse, and determine 
the ridge of discontinuity. Note: consider non-local intersections of rays that will not be 


found in the envelope! 


5. [C] A plane wave of light, moving in the z-direction, reflects off the right half of the 
unit circle I: xo(s) = cos(s), yo(s) = sin(s). Supposing that the phase of the reflected 
wave 

bp = Acie) 


satisfies the Eikonal equation |Vu|? = 1 and boundary condition u = x on TI, find and 
plot the caustic, i.e. the envelope of the reflected rays. [You may use a computer algebra 


program to compute and plot the envelope.] 
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